Theory of Elasticity Introduction

Introduction

Theory of Elasticity: determination of stress and displacement in a body as a result of

applied (mechanical or thermal ) loading. All structural materials possess to a certain
extent the property of elasticity , i.e, if external forces, producing deformation of a
structure, do not exceed a certain limit, the deformation disappears with removal of
the forces.
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Fig. 1: Stress-strain relationship

Perfectly Elastic: the body resume its initial form (i.e. its shape) completely after

removal of deforming force.

Elastic Property: has the same path in loading and unloading

Assumption :

1. The body is homogenous and continuously distribution over its volume
2. The body is isotropic, i.e., the elastic properties are the same in all directions.

3. The action of external forces are perfectly elastic.

Sign Convention: Right hand rule
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Fig. 2: Cartesian coordinates
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Stresses:

Stress is a measure of the diffusion of external forces into the body.
Equal and opposite forces
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Components of Stress:

In general: Stress = g—z (MPa, kN/mm?)

Where: p is the applied load, and A is the cress section area

The most general state of stress at a point may be represented by 6 components:
Normal Stresses: oy oy 6, and Shear Stresses: zyy 7y; Tx, T Xy

From equilibrium principles: 7wy = 7yx, T = Tox , Toy= Ty ée\_ Direction
Strains:

Strain is a measure of deformation in body. Take two point P and Q in a body before
deformation. After deformation, these two points move to P' and Q'. There are two

types of deformation:

1. Change of length which cause normal or direct strain i.e. PQ #P'Q’

2. Change of angle which cause shear strain i.e. o— o+f3

Before deformation \\ After deformation
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Components of Strain:

Strain is the intensity of deformation. In the example (Figure 3), we consider an

elastic bar of length L. If the bar is subjected by an axial force F, it will stretch an

amount & as shown in Figure 3b). The quantity /L is a measure of the change in

length relative to the original length and is defined to be the axial
strain for the bar. In Figure 3d), a shear load is applied that is parallel 4\9v0°

to the top surface as shown. The

angle © measures the amount the |

| ¢) undeformed

original right angle in Figure 3c)

has changed from a right angle, and .
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a) undeformed e
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the angle © is related to the shear

e L+5

strain. b) stretched (deformed) d) sheared (deformed)

Fig. 3: axial and shear deformations

What causes strain?

e Mechanical loads (forces, pressures, etc.)
e Temperature change (thermal expansion)

e Moisture absorption

e Stress (relationship between stress and strain is the

e constitutive relationship)

General case: u,v displacement of point o

u+(au/ax)dx—u

& = &
x dx x=3u/ax
_ v+(a”/ay)dy—v
gy = ————— €,_0v
dy y /ay
a 1 5} 1 dv 0
yxyz(v+£dx—v)*a+(u+%dy—u)*@ yxy=£+%
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In matrix form:

Ou/ax (av / P ou /ay) /2 (aw /ax 4+ 0u /az) /2

[ Erx yx}’/z YXZ/Z]

. (Ou/ay_l_av/ax)/z 61J/6y (aw/ay+av/az)/2 _ ny/z &y sz/z
(s 1)) (laz*™/ay) o Tl e
oz ox /2 z y /2 ow/

Hook's Law (Stress — strain relationship)

Hooke's lawis a principle of physicsthat states that =
the force (F) needed to extend or compress a spring by some

distance X is proportional to that distance. That is: F = kX,

where kis a constant factor characteristic of the spring:

its stiffness, and X is small compared to the total possible

deformation of the spring. l-—'-.

The shape of a body will distort when a force is applied to it. Bodies which are
“elastic” distort by compression or tension, and return to their original, or equilibrium,
position when the distorting force is removed (unless the distorting force exceeds the
elastic limit of the material). Hooke's Law states that if the distortion of an elastic
body is not too large, the force tending to restore the body to equilibrium is

proportional to the displacement of the body from equilibrium.

Under state of uniaxial stress oy,=FE¢y or &= o,/E and the lateral strain component

(contraction) is &= &= - uo,/E
Where E: Modulus of elasticity and p: Poisson's ratio

e For the general 3D stress state, we can get the relations between direct stresses

and strain by method of superposition
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€ = % [0'3 - "(O'lf + 0',)]
€& = % [Uﬂ - ]"(az + a'z)]
1

& = lo. — v(oz + ay)]

® If 0')(:0 and o-y: = O-Z
Summing up forces along and perpendicular to bc: pH Nowminal =0

1= 0, C05°45 - Oy cos?45 = 1/2 (o, - Gy) = 6,= Max. pure shear Ty o

tan T — tan % 1~—%
tan(£—1)= 4 2 =
i 2 T ian X 14
1-]—‘(.3,1111;8,112 1+2
T
TT@
L. ET _ 21+
prove that-y—z(lw) and G = -
1 1 1

Yoy = G Tayy Yy = G Tysy Yz = G Tiz

All relations between stress and strains derived previously can be gathered to form the
stress-strain relationship in 3 dimensions:

e 1 —u —u 0 0 0 -
( g;\ - 1 —qu 0 0 0 G;

, ) —U -u 1 0 0 0 o,
o (TF 0 0 0 20+ 0 0 "
You 0 0 0 0 201+m) 0|l
vo) 0 0 0 0 0 201+mwlld,
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