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Methods of comparing discrete and continuous cable models of single neurons and dynam-
ical phenomena observed in neurobiology can be described with infinite-coupled systems of
semilinear parabolic differential-functional equations of the reaction-diffusion-convection
type or infinite systems of ordinary integro-differential equations. It is known that numer-
ous problems in computational neuroscience use finite systems of equations based on the
so-called compartmental model. It seems a natural idea to extend the results obtained in
the theory of finite systems onto infinite systems. However, this requires stringent assump-
tions to be adopted to achieve compatibility. In most instances the dynamics of infinite
systems behave differently to their finite-dimensional projections. The truncation method
applied to infinite systems of equations and presented herein yields a truncated system con-
sisting of the first /N equations of the infinite system in N unknown functions. A solution
of infinite system is defined as the limit when N — oo of the sequence of approximations
{zn}N=12,., where zy = (zjl\” zJQV, e z%) are defined as solutions of suitable finite trun-
cated systems with corresponding initial-boundary conditions. Geometrically, it may be
described as the projection of an infinite system of differential equations considered in a
function abstract space of infinite dimension (such as Banach or Hilbert space) onto its
finite-dimensional subspaces.

Keywords: Banach space; infinite-countable system; infinite-uncountable system; trunca-
tion method; truncated system; projection operator; discrete model; continuous model;
cable model; compartmental model; neurons.
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1. Introduction

Nonlinear cable properties of single neurons are ubiquitous to all biological neuronal
networks, and their dynamics is understood through the mathematical modeling
of nonlinear parabolic differential equations of the reaction-diffusion type. Infinite
systems of nonlinear parabolic differential equations of the reaction-diffusion type
have been appearing in mathematics in response to problems emerging from neuro-
science [3,11,13,40]. Most mathematical models arising from neuroscience involve
coupled system of parabolic differential equations referred to as nonlinear reaction-
diffusion equations. In computational neuroscience it is accepted that the depen-
dent variable for example, membrane potential does not vary from point to point
in space (i.e., remains isopotential), and the transport processes can be ignored.
This is known as the compartmental model (see [26,27,43]). In the compartmen-
tal model, the partial differential equations are replaced with ordinary differential
equations. Each compartment can represent an arbitrarily small section of cable
or the entire neuron, referred to as a spiking neuron [14]. Spiking neurons have
been popularized in mathematical neuroscience through the use of mostly geomet-
rical methods [10, 17]. Regardless of their popularity it has not yet been feasible to
use the classical Hopf-bifurcation analysis to determine if spiking neurons undergo
through the same bifurcation points as the discrete cables or if co-dimension-2 bifur-
cations are ubiquitous in neuronal cables. Moreover much of the existing literature
has been based on an unquestioning acceptance of the validity of the compartmental
model. In fact, Conway et al. [9] have shown that the compartmental model is valid
approximation only for asymptotic behavior of the solutions of systems of nonlinear
reaction-diffusion equations. The subject of the present paper is to use functional
analysis methods in order to gauge if the solutions of the equations representing
nerve propagation and dendritic spike attenuation differ from those obtained by the
compartmental models.

The application of infinite systems of differential equations to describe the
dynamics of neurons with the use of cable models assumes that the number of vari-
ables involved in the modeling processes is unbounded. This assumption, in turn,
leads to cable models involving infinite systems of differential equations. While con-
structing cable models, there appear two main descriptions of the processes consid-
ered: a discrete cable version and a continuous cable version. If a variable taking
countable infinite number of values (i.e., circuit of a patch of membrane) is used to
describe the process then a discrete cable model of this process is obtained. Discrete
cable models are expressed in terms of infinite countable systems of equations. On
the other hand, if a continuous space and time variables are used then a continu-
ous cable model is obtained, which are expressed in terms of infinite uncountable
systems of equations (see Fig. 1).

Idan Segev wrote [43, p. 94]: “When the membrane properties are voltage-
dependent, as is the case with membranes that show rectification or that support
action potentials, the analytical approach using linear cable theory is no longer



Neuronal Models in Infinite-Dimensional Spaces 13

| |
| \ |
i —T\/\/]\/\WV\/\/— i
| Ml 110 |

Cable Model : Ax 50, N—ow

Compartmental Model : Ax —»0_, N is finite

Fig. 1. Discrete and continuous cable models in infinite-dimensional Banach spaces (top) and their
finite-dimensional projections (bottom).

valid. As Rall pointed out early on, these complex cases must be dealt with using
compartmental rather than analytical models (Rall, 1964).”

In this paper we lay the groundwork to prove otherwise the statement by Segev.
The subject of the present paper focuses on problems associated with using the
truncation method to investigate neuronal cable models (both continuous and dis-
crete). In the second part of the series, we will utilize comparison theorems and
maximum principles for finite and infinite parabolic systems and apply the results
to show how neuronal cable models exhibit different dynamics. Both linear and
nonlinear cables will be analyzed to indicate that the theory applies to both passive
and active neuronal membranes of dendrites. The mathematical analyses lays the
foundation in proving that compartmental models are poor exemplars of neuronal
dynamics.

2. Notations and Definitions

Let D be a domain in the time-space (t,z) = (¢, z1, z2, ..., Zy) and S be an arbitrary
set of indices (finite or infinite).
Let B(S) be the real space of functions

w:S — R, jw(j) =,
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such that
sup{|w’|:j € S} < o0
equipped with the supremum norm
[wll sy = sup{|w’|:j € S}.
This space is a Banach space.
We use the symbol |-| to denote the absolute value of a real number, and we
write w = {w’ }jes.
The space £°° is the sequence space of all real-valued bounded sequences w =
{w'}jen = (w,w?,...) such that
sup{‘wj’:j GN} < 00
equipped with the norm
|w]| oo = sup{‘wj‘ :j € N}
This space is the Banach sequence space.
The partial order “<” in the space £*° is defined by the positive cone
050 = {w:w = {w’ }jeny € £°, w! >0 for j € N}
in the following way
u<vev—uely.

If S is a finite set of indices with r elements, i.e., S = {1,2,...,r} then B(S) = R"
and for an infinite countable set S, there is B(S) = B(N ) = (*°. For an infinite
uncountable set S, there is B(S) = B(R*).

We introduce three spaces of sequences of real-valued functions (see [18])
equipped with the norms induced by the norm of the space £*°.

Denote by é(D) := €9(D) the space of infinite sequences w = (w',w?,...) of
real-valued functions w’ = w’(t,z), j € N, defined and continuous in a domain D,
such that

sup{‘fwj’:j EN} < 00
equipped with the norm

[w

G(D) = sup {[u’],: j € N},
where w’ € C(D), j € N, and
’wj‘o = sup{’fwj(t,x)‘ :(t,x) € D} < o0

is the norm in the space C'(D) of all functions continuous in a domain D.
The partial order “<” in the space %n(D) is defined by means of the positive
cone

6F (D) == {w:w = {w}jen € En(D), w(t,x) >0 forj €N, (t,z) € D}
in the following way

u<vev—ucE (D).



Neuronal Models in Infinite-Dimensional Spaces 15

From this it follows that the inequality u(¢,z) < wv(t,x) is to be understood
component-wise, i.e., u/(t,z) < v/(t,z) for all j € N. Inequality u < v is to be
understood both component-wise and point-wise, i.e., u’ (t, z) < v’(t, z) for arbitrary
(t,) € D and all j € N.

We introduce the space €y o(D), consisting of those infinite sequences in (D)
which have the following form wy o = (wh;, w%,. .. ,w%, 0,0,...) where wgv € R for

j=12...,Nand wh =0for j =N +1,N +2,... such that
max{‘w?\,’o:jzl,Z,...,N}<oo

equipped with the norm

lwxollgy (o) = max {|wk| :5=12....N}.

The space Gy (D) is a subspace of Gy(D).

The third space C’N(D) is the space of finite sequences wy = (wh, w3, ..., wk)
of real-valued functions fw?\, = fw?\, (t,z) for j = 1,2,..., N, defined and continuous

in a domain D, such that
max {|w’|,:j=1,2,...,N} < o0
equipped with the norm
lon ey oy = max {|w’|,:j=1,2,...,N}.

These three spaces are Banach sequence spaces. In these spaces we have to do
with the component-wise convergence.

We remark that the partial ordering in the space (D) induces a corresponding

partial ordering in the subspaces €y (D) and Cn(D).
Convention. We adhere to the convention that every infinite sequence
wWN,0 = (w]lv, . ,w?\,, . ,w%,0,0, ...) € Eno(D)

is treated as finite one

wy = (Why, -, Whys .., wN) € Cn(D),

which we will write as
wn,o = wy forall N € N.

In this sense, the space €n (D) is identified with the space Cn (D), which we
will write as

Eno(D) = Cn(D). (1)

Finally, in this sense, the space Cy(D) may be treated as the subspace of the space
(D).
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Let us consider weakly coupled® infinite countable systems of semilinear”

parabolic differential-functional equations of the reaction-diffusion-convection type
of the form®

FIZ)(t,x) == D2 (t,x) — L[] (t, ) = fI(t, 2, 2(t, x), 2) (2)
for 7 € N, where
Ej::Z (tngxk ijt:c i
ik=1
are diffusion-convection operators and = = (x1,...,2y), (t,z) € (0,7] x G := D,

0 < T < oo, where T can be arbitrarily large, G C R™ and G is an open and
bounded domain, whose boundary OG is an (m — 1)-dimensional surface of a class
C*e(0<a<),Sy:={(tz):t=0,z€ G}, 0:=1[0,T] x G is a lateral surface
of a cylindrical domain D, I' := Sy U o is the parabolic boundary of domain D and
D := DUT, N is the set of natural numbers and N is an arbitrary fixed natural
number.

Diagonal operators F7, j € N, are uniformly parabolic in D, z stands for the
functions

zNxD =R, (jt,z)— 20t x):=2(tz),

composed of unknown functions z = {z7},ey = (21,22,..)), and f7, j € N, are
given nonlinear functions

Q=D xI®x6(D)—R, (txy,s)— fi(txy,s), jeN.

The right-hand sides f7 of the equations, i.e., the reaction functions (reaction
terms) which describe kinetic behavior of considered process, are functionals with
respect to the last variable and we assume that they are the Volterra-type.

If we introduce the function f = {fJ }ien setting

f](t7x7z) :: f](t7x7z(t7x)7z)7 j€N7
where
Ji Q=D xG(D) R, (ta,s)— f(t.a,s), jEN,

then we will write the equations of system (2) in another form, which may be useful
in our further considerations:

)t x) = Ftw,2) = Plte 2t 2 )
for j € N, (t,x) € D.

#This means that every equation contains derivatives of one unknown function only.

bSemilinear equations are linear with respect to partial second order special derivatives with coefficients
dependent on the variables (¢, z) only.

®The notation w denotes that w is regarded as an element of the set of admissible functions, while w(t, x)
stands for the value of this function at time ¢ and on the point x. However, sometimes, to stress the
dependence of function w on the variables ¢t and x, we will write w = w(¢, z) and hope that this will not
confuse the reader.
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For system (2) we will consider the Fourier first initial-boundary value problem:
Find the regular (classical) solution of system (2) (or (3)) in D fulfilling the initial-
boundary condition

z(t,x) = ¢(t,x) for (t,z) el (4)
or the homogeneous initial-boundary condition

z(t,x) =0 for (t,x) € T. (5)

3. Remarks on the Truncation Method

It is not possible to solve directly infinite countable and uncountable systems of dif-
ferential equations (cf. [49]). In practice, an infinite system of differential equations
is replaced by a finite system of suitably defined differential equations. Such transi-
tion from infinite systems of equations to finite ones, known as truncation, may be
effected in various ways. One of the ways to describe the truncation process is by
assuming that we have to project from an appropriately chosen infinite-dimensional
abstract functions space onto its finite-dimensional subspaces.

In the case of infinite countable system, this will be the classical partially ordered
infinite-dimensional Banach space of convergent sequences of real-valued functions
%n(D) and then Cy (D) will be its finite-dimensional subspace [18]. In the case of
infinite uncountable systems, the studies are carried out in the Banach space Lq
(cf. [15]) which is natural from the physical point of view or in a suitably chosen
Hilbert space.d

In the truncation method, solutions of the infinite systems of differential equa-
tions are defined as the limits when N — oo of the sequences of approximations,
which are solutions of the finite truncated systems of the first N equations in N
unknown functions with the corresponding initial-boundary conditions. However,
we observe that we do not need to know the previous approximations to determine
the next approximations.

In the second step of the truncation method one has to prove that finite truncated
systems of considered equations have the solutions in the suitable space.

It should be emphasized here that there are many existence theorems for
finite systems of ordinary differential equations or semilinear parabolic differential-
functional equations of the reaction-diffusion type. These existence theorems have
been proven by means of the monotone iterative method (method of lower and upper
solutions) [5,6,8,22], the topological fixed point method [6,45-48]|, the theory of
continuous semigroups of linear operators and evolution systems techniques [35], as
well as the finite difference method [34], just to mention a few.

If the truncated systems are solved by the method of continuous semigroups of
linear operators, then we must recast the considered system with the initial condition

dHilbert spaces plays an important role in theoretical physics, including in particular non-relativistic quan-
tum mechanics (cf. [32]).



18  Brzychczy € Poznanski

as an abstract Cauchy problem. Next, by using the truncation argument and apply-
ing a certain fixed point theorem, we prove that, under some assumptions, the
abstract Cauchy problem has a unique solution.

If the truncated systems of parabolic equations are solved by means of the finite
difference method, then we will have three basic computational monotone iterative
schemes to choose from: the Picard iteration, a modified version of Jacobi iteration,
or the Gauss-Seidel method. If the initial iteration is always a pair of known coupled
lower and upper solutions of the problem considered, then the sequence generated
by the Picard iteration converges faster than the sequence generated by the Gauss-
Seidel iteration, which, in turn, converges faster than the sequence generated by the
Jacobi iteration (cf. [34]).

We note that the finite difference method is not only one of the simplest meth-
ods used in numerical analysis, but also an important analytical method of proving
existing theorems in the field of partial differential equations. It is highly advanta-
geous to choose a finite difference method to prove the existence and uniqueness of
any truncated system for the problem considered, and we thus arrive at numerically
proven constructive theorems on existence. Each of these solutions is an approxima-
tion of a solution of this problem and may forthwith be calculated and plotted or
tabulated.

Applying the method of lower and upper solutions requires assuming the mono-
tonicity and the Lipschitz condition of the reaction functions f/ = fi(¢,z,y,s),
J € N with respect to the function and functional arguments y and s, respectively.
The right-hand side of the Lipschitz condition is used to ensure the uniqueness of
the solution and the left-hand side condition is necessary to ensure the existence of
the solution. We also assume the existence of an ordered pair of a lower and upper
solutions of the problem considered.

The third step of the truncation method will be in finding an additionally suf-
ficient condition, which, while adding to the previous assumptions, will guaran-
tee the existence of a regular limit function for approximating sequences of solu-
tions of the truncated systems, where this function — in line with the definition
adopted — will be a solution to our problem. Condition requiring the reaction func-
tions to be bounded by the terms of a convergent sequence of reals turns out to
be such a sufficient condition. Therefore, we will assume the following sufficient
condition:

B: Suppose that the reaction functions f7 = fI(t,x,y,s), j € N, are continu-
ous and there exists a sequence {q;}jen of non-negative real numbers q; > 0
for j € N such that |fI(t,z,y,s)| < g for j € N, where lim;_ g; = 0.

This condition plays a crucial role in proving the existence theorem. Similar con-
ditions appear in papers [36-39, 41,42, 50, 55], where infinite countable systems of
ordinary differential equations are studied (cf. also [8]). Moreover, such an assump-
tion makes sense and is physically justified.
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The uniqueness of the solution of the problem considered is guaranteed by the
Lipschitz condition (precisely by the right-hand side Lipschitz condition) and follows
from Szarski’s uniqueness criterion (see [44], cf. also [16,19,20]).

4. Truncation Methods for Infinite Countable Systems of
Differential Equations

In this section, we present the truncation method for this problem in partially
ordered Banach sequence spaces 6 (D).
In the truncation method, a solution z of infinite countable system (3) is defined

as the limit when N — oo of the sequences of approximations {zy}n=12, ., where

ZN = (z}v, zfv, e ,zJJ\\,[ ) are defined as solutions of finite systems of the first N equa-
tions of system (3) in N unknown functions (i.e., truncated system) of the form
FI)(t ) = It 2k ey 2h ey 2N, N L N2
= f{vw(t,x,zN) forj=1,2,...,N, (t,x) € D, (6)
with the corresponding initial-boundary conditions of the form
At,x) = (t,x) forj=1,2,...,N, (t,z)eTl. (7)
The remaining terms z]J\\,[H, z]J\\,[”, ... of the approximation sequences
{zN}N=1.2,.. are defined as follows:
zf\,(t,:c) =l (t,x) forj=N+1,N+2,..., (t,z)€D (8)

where the function 1) = {17} jen, ¥’ = 1’ (¢, ), defined for (¢,x) € D, and satisfying
initial-boundary condition (7)

Y(t,x) = ¢(t,x) for (t,z) €T,
will be determined later on.

Amann [2] noticed that in the case of solving countable systems of equations
as the discrete coagulation-fragmentation models with diffusion, the technique used
in practically all papers is the natural one: it starts with a study of finite systems
obtained by truncation to the first /N equations, followed by passing to the limit as
N — oo.

We note that to solve infinite countable systems of ordinary differential equa-
tions, partial differential equations of parabolic type and integro-differential equa-
tions, numerous authors have applied the truncation method (see [4,12,21,23, 24,
28-31, 33,36-39, 41,42, 50-55).

Let us consider the infinite-dimensional Banach sequence space éi(D) and this
subspace € (D).

We define the operator py as follows:

PN+ En(D) — Cno(D),

(21,22, ) =z pnlz] = 2n0 = (24,20, 2Y,0,0,. )

9)

for all z € én(D) and an arbitrary N € N.
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This means that

2/ when1<j <N,

— _ 10
o] N0 {0 when 7 > N (10)

for all z € ¢n(D) and an arbitrary N € N.
It is easy to show that

pxl2]l = pnlon (2] = pnlzno] = 2n0 = P[]

for all z € ¢n(D) and N € N. Therefore, py is the projection operator.
We also define the projection operator gy by:

qn : %N(D) — CN(D),
1 .2 2 N (11)
(21,22, ) = 2= qulz] =2y = (21, 2%, 2Y)
for all z € ¢n(D) and an arbitrary N € N.
By convention (1), we treat that
pn[z] = qnlz] (12)

for all z € ¢n(D) and N € N.
As an example, we consider the infinite countable system of equations of form
(2) with initial-boundary condition (4), i.e.,

{}"j[zj](t,x) = fi(t,x,z(t,x), 2) == fi(t,x,z) for (t,x) € D, (13)
Z(t,x) = ¢’ (t,x) for (t,x) €T,

for 7 € N, in the infinite-dimensional Banach sequence space %n(D), where the
reaction functions are given as [51], i.e., these have the special form:

[e.e] [e.e]
Yt @, 2) = =2 (¢, 2) Z arzk(t, x) + Z brzltR(t a),
k=1 k=1
-1
ai_kzj_k(t, x) 28 (t, x)
' (14)
— 2 (t,x) Z aizk(t, x)
k=1

.

filt,z,z) =

NN
el
Il

() j—1
. 1 . :
k —k .
+ ,;_1 bl 2R () — §z](t,x) kg_l b, for j=2,3...,

where the coagulation rates ai/, and the fragmentation rates bi/, are non-negative
constants such that ai/, = agf and bfc = b;?.

This system may be treated as the discrete mathematical model of the
coagulation-fragmentation processes with diffusion.
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If to this problem we use the projection operator gy defined by (11) then we
obtain the finite truncated problem considered in the subspace Cn (D)

FilQ)(t,x) = fi(t,x,zy) for (t,x) € D, )
zfv(t,:c) =¢J(t,z) for (t,) €T
for J = 1,2,...,N and an arbitrary N € N, where zy = (z]l\,,...,zfv,...,z]]\\,f) €
Cn(D) and
falt z, zn) = =25tz Z%ZN (t,x) + Zb,ﬁz}jk ,T
. 1= N
Atz zn) = 52 R (t,z) 2% (t,z) — zN (t,z Zakz]\,(t x)
k=1 k=1
DWELL
1 . it
—§Z§V(t,x)2bi_k for j=2,3,...,N (16)
k=1

with the corresponding initial-boundary condition (4).
If we will truncate this system by acceptance

ak:() and bJ_O forj >N or k>N, (17)

then we obtain the truncated system (15), (16).

This means that the truncation of the infinite system to the system of the first
N equations of the infinite system in N unknown functions, may be treated as a
projection of the infinite countable system considered in the infinite-dimensional
Banach sequence space (D) onto its finite N-dimensional subspace C (D).

5. Truncation of Infinite Uncountable Systems of Differential
Equations

The truncation method is also the fundamental approximation method of study-
ing solvability of infinite uncountable systems of ordinary differential equations,
and parabolic differential equation of the reaction-diffusion type, as well as integro-
differential and differential-functional equations (cf. [23,24,28-31]). A finite trun-
cated system may be obtained from an uncountably infinite system with use of a
projection.

McLaughlin et al. [28-31], Lamb [23] and Laurengot [24] used such an approach
in dealing with a continuous mathematical model for the dynamics of cluster growth
under the combined effect of two processes: coagulation and fragmentation. These
processes are modeled by the continuous coagulation and multiple-fragmentation
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equations, and investigated by means of the theory of semigroup of linear operators,
evolution systems and fixed point mapping techniques.

McLaughlin et al. [28] consider the pure multiple-fragmentation process for time
independent kernels v = (A, y), which is described by the following autonomous
integro-differential linear equation

%z(t,)\) = /:O 1y, A) 2(t, y)dy

A
—2(t, )\)/0 %fy(/\,y)dy for A > 0,¢ >0 (18)

with initial condition
z(0,\) = f(A) for A > 0. (19)

This problem is dependent on an additional real positive parameter®
A € [Ao, M| C R and

2 (0,7] % s ] — RY, (£,0) > 2(£, \). (20)

We remark that Eq. (18) can be treated as a system of many uncountable integro-
differential equations.
To apply the theory of semigroups of linear operators we must recast Eq. (18)
with the initial condition (19) as a linear abstract Cauchy problem:
d
aé(t) = A[Z](t) fort>0
2(0) = f
where Z = Z(t) is the suitable defined function.
For this purpose we consider the Banach space X of type L (see [15]), precisely
the L1 _1 space of equivalence classes of measurable, real-valued functions ¢ such
that

(21)

/deMMA<m
0

equipped with the weighted norm
Jolh -1 = [ Al

Finally, the pure fragmentation Eq. (18) with initial condition (19) can be recast as
the abstract Cauchy problem
%z(t) = Alz](t) fort >0,

2(0)=f

(22)

where the linear operator

A:Li 12 Dyax(A) = L1,

¢Each cluster is identified by its size which is assumed to be a positive real number. The volume is used as
the characteristic size. Therefore, by the size of a cluster we are referring to its volume.
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is defined on its maximal domain Dy« (A) by

A[g)(N) = /A A V() dy

A

o0 |

0

YA, y)dy  for all ¢ € Dinax(A). (23)

>l

In this problem the conservation of mass that is the identity

/ Az (t, N)dA :/ Af(A)dA forallt >0
0 0

which implies that a natural space to work with is a Banach space X of the type L.
If we consider the subspace Ly of the Banach space L _; consisting with func-
tions vanishing when A > N, N € N; i.e.,

Ly:={¢p€Li_1:$6=0 on[N,c0)}, (24)

then we define the projection operator Py on the space L1 _1 onto the subspace Ly
as follows

Py : LL_l — Ly, 2z PN[Z] = ZN

for all z € L1 _1 and an arbitrary N € N.
This means that

z(A) when 0 < A < N,
Pyn[z](N\) == 25
Izl {o when A > N, (25)
for all z € L1 1 and an arbitrary N € N.
If we use the projection operator Py defined by (25) to the abstract Cauchy
problem (22), then we obtain the truncated problem

d
%Z(t) = An[z](t) fort >0, (26)
2(0) = f
where Ay = APp. The operators Ay are defined as follows
N Ay
Y(y, N)o(y)dy — d(A / =\ y)dy for 0O<KA<N,
Avlgl(N) = /A (: M0y = () | = 37(%9)

0 for A >N,

for all € Ly _1 and an arbitrary N € N.

Applying the classical methods of the theory of continuous semigroups of linear
operators and evolution system techniques (see [28,35]) and the Banach fixed point
theorem for contraction mappings, we prove the existence and uniqueness of a weak
solution for the abstract Cauchy problem (22).
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6. Relation Between Continuous and Discrete
Infinite-Dimensional Models

Amann [2] consider the initial value problem for semilinear reaction-diffusion equa-
tion with convection of the form

0z
5~ Altw Nz = f(tw,2(t,0),0) (27)

fort >0,z € R™, m=1,2, or 3, with initial condition
2(0,z,\) = zo(x,\) for z € R™, (28)

which is a continuous model of the coagulation-fragmentation processes with
diffusion.

In order to present the difficulties and obtain results in a precise and relatively
comprehensive manner, we quote Amann (see [2, pp. 340, 344]): “This problem
depend on an additional real parameter A, the volume. The diffusion-convection
operator A is uniformly elliptic, the reaction function (reaction term) f describes
kinetic behavior of the process and z = z(t,z,\) is the particle-size distribution
function.

It is easy that the above equation can be viewed as a coupled system of infinite
uncountable many reaction-diffusion equations.

In the event of the continuous model, the right-hand sides of equations include

J = /A 2(t, 2z, ) da dA (29)

which is the total number of particles with volumes belonging to the interval
[Ao,A1] € RT and being at time ¢ contained in the space region G C R™.
The measure d) is either Lebesgue’s measure on R* or the counting measure on
N:={1,2,3,...}. In the latter case only clusters whose sizes are integer multiples of

“elementary unit” can occur. In this case, all integrals with respect to d\ reduce
to sums, so that Eq. (29) takes the form:

/Z (2, \)d (30)

G a=xo

terms of the form:

This situation corresponds to the discrete model of the coagulation-fragmentation
processes considered.”
Next, Amann [2, p. 345], consider problems (27), (28) as a single semilinear
evolution equation
dz

i A(t)z = f(t,z) fort >0, (31)
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with initial condition

2(0) = 2o, (32)
where z = z(t, z) is a Banach-space-valued function of (¢,x) € RT x R™. This means
that Eq. (31) may be interpreted as a vector-valued evolution equation which we are
able to handle using recent Fourier multiplier theorems for operator-valued symbols
and Banach-space-valued distributions obtained in an earlier paper [1]. It should be
noted that in that paper, the author used highly abstract notions and methods. The
main result is the theorem on existence and uniqueness of solution of continuous
coagulation-fragmentation equation with diffusion in the class of volume preserving
solutions. An advantage of this approach is the feasibility of the simultaneous con-
sideration of both the continuous and discrete models of coagulation-fragmentation
processes with diffusion.

7. Problems and Conclusions

1. What is the relationship between solutions of the infinite uncountable system of
equations serving as a continuous model of process considered and solutions of the
infinite countable system of equations serving as a discrete model of this process?

Let us consider two infinite systems of differential equations serving as a contin-
uous model (infinite uncountable system) and a discrete model (infinite countable
system), respectively, of the same process. Let us take into consideration expressions
of form (29), (30) appearing on the right-hand sides of the respective equations of
systems for a special case where GG is a bounded domain G C R™, and

22 RY x G x [1,0) 3 (t,2,\) — 2(t,z,\) € RT

is a given monotone decreasing function with respect to the variable A.
If

an(t,z) == z(t,x,n) for (t,x) € D :=R" x G,

and

Y::/ Zan(t,x)dx,
G =1

d (33)
J = / / 2(t,z, \)dxd\ fort € RT,
GJ1
then the sequence of functions
{Sn —In} ={Sn(t,z) — IN(t, x)} (34)

given by

N

SN = SN(ta .’L‘) = Z an(ta fL’),
n=1 (35)

N
Iy =In(t,x) ::/ z(t,x,\)d\ for (t,x) € D
1
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is always convergent in the point-wise sense, and

0< lim [Sn(t,z) — INn(t,z)] < ai(t,z) for (t,z) € D. (36)

— 00

In fact,’ the sequence (34) is decreasing because

(SN—1—In-1) = (SN —In) = (IN — IN—1) — (SN — SNn-1)

N
= / z(t,x, \)dA —an > 0,
N-1

and is bounded, because
ay >0 and any < Sy —In <aj.

Hence, the sequence (34) converges in the point-wise sense and (36) holds.
Assuming that a1 = a;(¢,x) is bounded function and |a;(t,x)| < a; in D we
obtain the following estimate

0< A}i_rr}loo[SN(t,x) In(t,x)] <ay for (t,z) € D. (37)

The above-mentioned properties of the sequence {Sn (¢, ) —In(t, z)} may, under
appropriate assumptions, extend onto the sequences {.#n(t) — In(t)}, where

yN—yN /Zant:c

JIN =IN(t // 2(t,z, \)dxd\ fort € RT,

(38)

and from these, further still, onto the right-hand sides of the equations. This means
that, the right-hand sides of considered systems may be both identical or different.
The latter implies that the two infinite systems of equations may both have solutions,
but in general different ones.

This means that solutions of infinite countable and infinite uncountable systems
of differential equations, which are the discrete and continuous models of this same
process, respectively, may be both identical or different.

The above statement is a material result proving that dynamics of the continuous
case differs from that of the discrete case.

2. Under what assumptions are both models identical and are the assumptions
restrictive?

Unfortunately, at this stage of research, it is difficult to answer this question.
Moreover, it should be emphasized that estimate (36) refers to a term of the reaction
function only. Does the difference between continuous vs. discrete models also occur
when the mathematical problem is linear? These problems will be the subject of
further research.

fAn idea is similar to this given in Ref. [25].
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3. A very important problem is the comparison between the infinite countable system
and finite truncated systems of these equations.

The comparison between the infinite countable system of parabolic differential
equations (in particular, between the solution of initial-boundary value problems)
and finite systems of these equations is possible under suitable assumptions for
reaction functions.

The basic tools for proving these properties will be comparison theorems and
maximum principles for finite and infinite systems of parabolic differential-functional
equations, and the Gronwall-Bellman lemma (see [16,19,20,44]). This problem will
also be the subject of further research.

4. Concluding our considerations, we see that approximations of the solution z =
z(t,x) of the infinite system of differential equations are realized in two steps.

First, we replace the solution z = z(t,x) with the solution zy = zx(t,x) of the

finite truncated systems where N is such that

e
|z — 2n|| < 3 (truncation error).

Next, we apply a numerical method (e.g., finite difference method) to finite
systems to compute numerical approximations z? = 2h (t,z) such that

N:nume’r N:nume’r

< (numerical method error).
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